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An Example

Task: Find Saarbriicken in a text.
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L 2 X Z0ReReReRetoReteRoReRooRotes
An Example

Task: Find Saarbriicken in a text.

Or Saarbruecken.
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L 2 X Z0ReReReRetoReteRoReRooRotes
An Example

Task: Find Saarbriicken in a text.

Or Saarbruecken. Or Sarrebruck.
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L 2 X Z0ReReReRetoReteRoReRooRotes
An Example

Task: Find Saarbriicken in a text.

Or Saarbruecken. Or Sarrebruck. Or Saarbrucken, Saarbr|cken, SaarbrAVicken, ....
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The Approximate Pattern Matching Problem

/ \ early 1980’s

{_Approximate Pattern Matching )
Given a text T, a pattern P, and a threshold k, identify the (starting positions of)
substrings of T that are at edit distance of at most k to P.
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The Approximate Pattern Matching Problem

/ \ early 1980’s

{ Approximate Pattern Matching )
Given a text T, a pattern P, and a threshold k, identify the (starting positions of)
substrings of T that are at edit distance of at most k to P.

Edit distance: minimum number of insertions, deletions, or substitutions of single
characters to transform one string into another string

s aarbrueck.e n| s arrebwruck
"/ / T /"/
s aarboricke nl s aarborick en
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The Approximate Pattern Matching Problem

/ \ early 1980’s

< Approximate Pattern Matching )
Given a text T, a pattern P, and a threshold k, identify the (starting positions of)
substrings of T that are at edit distance of at most k to P.

Applications

¢ Text Retrieval: Find occurrences of patterns or phrases in a text, accounting for
misspellings or conversion errors

+ Signal Processing: Find patterns in signals, accounting for transmission errors

& Computational Biology: Find specific patterns in DNA sequences, accounting for
mutations or evolutionary alterations

P. Charalampopoulos, T. Kociumaka, P. Wellnitz: Pattern Matching under Weighted Edit Distance 4_3
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Basic Tricks and Tools: The Standard Trick

(  Approximate Pattern Matching ) early 1980's
< Given: text T, pattern P, threshold k; Find: (starting pos. of) substr. of T at edit distance < k to P.

Focus: Obtain starting positions of occurrences

5-1
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Basic Tricks and Tools: The Standard Trick

(  Approximate Pattern Matching ) early 1980's
< Given: text T, pattern P, threshold k; Find: (starting pos. of) substr. of T at edit distance < k to P.

?

o

Focus: Obtain starting positions of occurrences
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Basic Tricks and Tools: The Standard Trick

( Approximate Pattern Matching ) early 1980's
< Given: text T, pattern P, threshold k; Find: (starting pos. of) substr. of T at edit distance < kto P.
?
I ] l
Focus: Obtain starting positions of occurrences \\

_ » ]
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Basic Tricks and Tools: The Standard Trick

(  Approximate Pattern Matching ) early 1980's
< Given: text T, pattern P, threshold k; Find: (starting pos. of) substr. of T at edit distance < k to P.

?

o

Focus: Obtain starting positions of occurrences

P P
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Basic Tricks and Tools: The Standard Trick

( Approximate Pattern Matching ) early 1980's
< Given: text T, pattern P, threshold k; Find: (starting pos. of) substr. of T at edit distance < kto P.

?

o

Focus: Obtain starting positions of occurrences

“Standard Trick™: writet := |T|, p := |P| i
Split T into overlapping fragments of len £ +p + k

~+ O(t/?) instances, [ TE..k+p+20) |
each “responsible” for its first £ positions >

T0..k+p+0) ] | T20..1)
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Basic Tricks and Tools: The Standard Trick

( Approximate Pattern Matching ) early 1980's
< Given: text T, pattern P, threshold k; Find: (starting pos. of) substr. of T at edit distance < kto P.

?
[ T

Focus: Obtain starting positions of occurrences

P P
“Standard Trick™: writet := |T|, p := |P| i
Split T into overlapping fragments of len £ +p + k

~+ O(t/?) instances, [ TE..k+p+20) |
each “responsible” for its first £ positions

2
~+ Useful special cases: £=kand £=0.5p T[0..k+p+2) | [ et

P. Charalampopoulos, T. Kociumaka, P. Wellnitz: Pattern Matching under Weighted Edit Distance 5_6
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Basic Tricks and Tools: (Filter and) Verify

(  Approximate Pattern Matching ) early 1980's
< Given: text T, pattern P, threshold k; Find: (starting pos. of) substr. of T at edit distance < k to P.

222222222272
] )

“Filter and Verify Paradigm” I

6-1
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Basic Tricks and Tools: (Filter and) Verify

(  Approximate Pattern Matching ) early 1980's
< Given: text T, pattern P, threshold k; Find: (starting pos. of) substr. of T at edit distance < k to P.

???????????

“Filter and Verify Paradigm” I I

) . i Filter
Step 1, Filter:  (typically fast)
Compute (small) superset of starting positions X?2RD2RK DR
;

SRV
%
o)
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Basic Tricks and Tools: (Filter and) Verify

early 1980’s

(  Approximate Pattern Matching )
< Given: text T, pattern P, threshold k; Find: (starting pos. of) substr. of T at edit distance < kto P.

?222222222?2?

“Filter and Verify Paradigm” I T I

) . i Filter
Step 1, Filter:  (typically fast)
Compute (small) superset of starting positions ?7RR2XRP2RRD2RR DN

7
Step 2, Verify:  (typically slow)
Check for occ at each remaining position i Verify
?
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Basic Tricks and Tools: (Filter and) Verify

early 1980’s

(  Approximate Pattern Matching )
< Given: text T, pattern P, threshold k; Find: (starting pos. of) substr. of T at edit distance < kto P.

?222222222?2?

“Filter and Verify Paradigm” I T I

) . i Filter
Step 1, Filter:  (typically fast)
Compute (small) superset of starting positions ?7RR2XRP2RRD2RR DN

7
Step 2, Verify:  (typically slow)
Check for occ at each remaining position i Verify
0 %7
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Basic Tricks and Tools: (Filter and) Verify

( Approximate Pattern Matching ) early 1980's
< Given: text T, pattern P, threshold k; Find: (starting pos. of) substr. of T at edit distance < kto P.

?222222222?2?

“Filter and Verify Paradigm” I T I
) . i Filter
Step 1, Filter:  (typically fast)
Compute (small) superset of starting positions ?7RR2XRP2RRD2RR DN
7
Step 2, Verify:  (typically slow)
Check for occ at each remaining position i Verify
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Basic Tricks and Tools: (Filter and) Verify

( Approximate Pattern Matching ) early 1980's
< Given: text T, pattern P, threshold k; Find: (starting pos. of) substr. of T at edit distance < kto P.

???????????

“Filter and Verify Paradigm” I I

) . i Filter
Step 1, Filter:  (typically fast)
Compute (small) superset of starting positions 2K 2K? x XK DR

Step 2, Verify:  (typically slow)
Check for occ at each remaining position i Verify

O % % %R XD
T |
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Basic Tricks and Tools: (Filter and) Verify

( Approximate Pattern Matching ) early 1980's
< Given: text T, pattern P, threshold k; Find: (starting pos. of) substr. of T at edit distance < kto P.

???????????

“Filter and Verify Paradigm” I I

i Filter

Step 1, Filter:  (typically fast)

Compute (small) superset of starting positions ?2XPR D x XK DR
Step 2, Verify:  (typically slow)
Check for occ at each remaining position i Verify
() % g
I I

P. Charalampopoulos, T. Kociumaka, P. Wellnitz: Pattern Matching under Weighted Edit Distance
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Basic Tricks and Tools: (Filter and) Verify

( Approximate Pattern Matching ) early 1980's
< Given: text T, pattern P, threshold k; Find: (starting pos. of) substr. of T at edit distance < kto P.

???????????

“Filter and Verify Paradigm” I I

i Filter

Step 1, Filter:  (typically fast)

Compute (small) superset of starting positions ?2XPR D x XK DR
Step 2, Verify:  (typically slow)
Check for occ at each remaining position i Verify
() % % () %
I I
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Basic Tricks and Tools: (Filter and) Verify

< ( Approximate Pattern Matching

Given: text T, pattern P, threshold k;

“Filter and Verify Paradigm”

Step 1, Filter:  (typically fast)

Compute (small) superset of starting positions

Step 2', Multi-pos Verify:  (typically slow)

Check for occ at each remaining position,
multiple positions at once

\ early 1980’s
/
Find: (starting pos. of) substr. of T at edit distance < kto P.
222222222272
| T |
i Filter
2 X222 XX2XR
T I
i Multi-pos Verify
22 %2
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Basic Tricks and Tools: (Filter and) Verify

( Approximate Pattern Matching ) early 1980's
< Given: text T, pattern P, threshold k; Find: (starting pos. of) substr. of T at edit distance < kto P.

???????????

“Filter and Verify Paradigm” I I

) . i Filter
Step 1, Filter:  (typically fast)
Compute (small) superset of starting positions ?7RR2XRP2RRD2RR DN
T I

Step 2', Multi-pos Verify:  (typically slow)
Check for occ at each remaining position, i Multi-pos Verify
multiple positions at once
0% % %XXXTP 4
T )
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Basic Tricks and Tools: (Filter and) Verify

( Approximate Pattern Matching ) early 1980's
< Given: text T, pattern P, threshold k; Find: (starting pos. of) substr. of T at edit distance < kto P.

???????????

“Filter and Verify Paradigm” I I

) . i Filter
Step 1, Filter:  (typically fast)
Compute (small) superset of starting positions ?7RR2XRP2RRD2RR DN
T I

Step 2', Multi-pos Verify:  (typically slow)
Check for occ at each remaining position, i Multi-pos Verify
multiple positions at once
(] S S (] S
T )
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L2 2 X X 2 2 ZeReReteoRoteRooRotes
Classical Algorithms

. . early 1980’s
(_ Approximate Pattern Matching ) £
< Given: text T, pattern P, threshold k; Find: (starting pos. of) substr. of T at edit distance < kto P. >
|sarrsahrsaarsarr|
Edltdlst/VerlfyAlgorlthm APM Algorlthm s 1 0212232425267 >8>9>W>l->0->B->W->15
a
Textbook DP ~~ O(tp) Verify pos 1 by 1 ~ O(t?p) all Do
[Sellers, 1980] and others .
S]
A 5
a 7
-]
€ =i (delete T[0..i)), e e, =j (insert P[0..j))
€+ (del from 7)
t:=T|,p:=1|P| e, = min e+ (insin T)

e 14 +[Til#Pj1l  (match/subst)

P. Charalampopoulos, T. Kociumaka, P. Wellnitz: Pattern Matching under Weighted Edit Distance 7_1



L2 2 X X 2 2 ZeReReteoRoteRooRotes
Classical Algorithms

. . early 1980’s
(_ Approximate Pattern Matching ) £
< Given: text T, pattern P, threshold k; Find: (starting pos. of) substr. of T at edit distance < kto P.

I r rasr aas o r has o rras ]
—©0 000000000000 O0O0O0O0

Edit dist/Verify Algorithm APM Algorithm H 60 00 0 090 0 0-0.0 0 "0 0-0

a

Textbook DP ~~ O(tp) Verify pos 1 by 1 ~» O(t2p) P AN AN AN N AN AN AN AN AN AN AN
[Sellers, 1980] and others Verify all pos at once S 5 66 & °0-0 6 © '0-0-0 6 '0-0-6 6 ‘e
~ O(tp) r 5 4 3 3 2 1 2 2 1 o 1 2 2 1 2 3 2
a 6 5 4 3 3 2 1 2 2 1 1 1 2 2 2 2 3
a 7 6 5 4 4 3 2 1 2 2 2 1 2 3 3 2 3
i’ 8 7 6 5 4 4 3 2 1 2 3 2 1 2 3 3 2

€=0 (delete T[0..i)), e =J (insert P[0..j))
] ] e+ (del from T)

t—|T|yP—|P| e”.=min 1)1+1 (inSin T)

€ 1jq* [Tli1#P[j11 (match/subst)

P. Charalampopoulos, T. Kociumaka, P. Wellnitz: Pattern Matching under Weighted Edit Distance 7_2
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Classical Algorithms

<

Given: text T, pattern P, threshold k;

( Approximate Pattern Matching )
Find: (starting pos. of) substr. of T at edit distance < kto P.

\ early 1980’s

Edit dist/Verify Algorithm

APM Algorithm

Textbook DP ~~ O(tp)

[Sellers, 1980] and others

Verify pos 1 by 1 ~ O(t?p)

Verify all pos at once
~~ 0(tp)

Compute DP diagonals,
jump over equal substr in
O(1) time

~ O(t + kz) [Landau, Vishkin'89]

Verify pos 1 by 1 ~» O(tk?)

Verify £ <t pos at once

s O(t/2- (2 + R)R) =

o(tk)

t:=|T],p:=|P|

P. Charalampopoulos, T. Kociumaka, P. Wellnitz: Pattern Matching under Weighted Edit Distance

(r]
a
a
S
r
a
a

i

[Frasraasrhasrras|

\\OOYOGGOQ

Compute furthest pos on diag d
reachable w/ 0, ..., R edits.
~~ Jump over equal substrings in O(1)
time

1

o

1
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Classical Algorithms

<

Given: text T, pattern P, threshold k;

( Approximate Pattern Matching )
Find: (starting pos. of) substr. of T at edit distance < kto P.

\ early 1980’s

Edit dist/Verify Algorithm

APM Algorithm

Textbook DP ~~ O(tp)

[Sellers, 1980] and others

Verify pos 1 by 1 ~ O(t?p)

Verify all pos at once
~~ 0(tp)

Compute DP diagonals,
jump over equal substr in
O(1) time

~ O(t + kz) [Landau, Vishkin'89]

Verify pos 1 by 1 ~» O(tk?)

Verify £ <t pos at once

s O(t/2- (2 + R)R) =

o(tk)

t:=|T],p:=|P|

lmmmﬁwmm'—sl

Irrasraasrhasrras]
000000\00000 0
1
1
1
1

\\ \\

Compute furthest pos on diag d
reachable w/ 0, ..., k edits.
~~ Jump over equal substrings in O(1)
time

P. Charalampopoulos, T. Kociumaka, P. Wellnitz: Pattern Matching under Weighted Edit Distance 7_4
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Classical Algorithms

<

Given: text T, pattern P, threshold k;

( Approximate Pattern Matching )
Find: (starting pos. of) substr. of T at edit distance < kto P.

\ early 1980’s

Edit dist/Verify Algorithm

APM Algorithm

Textbook DP ~~ O(tp)

[Sellers, 1980] and others

Verify pos 1 by 1 ~ O(t?p)

Verify all pos at once
~~ 0(tp)

Compute DP diagonals,
jump over equal substr in
O(1) time

~ O(t + kz) [Landau, Vishkin'89]

Verify pos 1 by 1 ~» O(tk?)

Verify £ <t pos at once

s O(t/2- (2 + R)R) =

o(tk)

t:=|T],p:=|P|

lmmmﬁwmm'—sl

Irrasraasrhasrras]
00000000000000
! 1¥ "vl

1 1

1

i

2

\\. \\.
o 1

2 1

[
]
1
]
2
2

]
® @

v
2 12 2

Compute furthest pos on d|ag d
reachable w/ 0, ..., k edits.
~~ Jump over equal substrings in O(1)
time
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L2 2 X X 2 2 ZeReReteoRoteRooRotes
Classical Algorithms

<

Given: text T, pattern P, threshold k;

( Approximate Pattern Matching )
Find: (starting pos. of) substr. of T at edit distance < kto P.

\ early 1980’s

Edit dist/Verify Algorithm

APM Algorithm

Textbook DP ~~ O(tp)

[Sellers, 1980] and others

Verify pos 1 by 1 ~ O(t?p)

Verify all pos at once
~~ 0(tp)

Compute DP diagonals,
jump over equal substr in
O(1) time

~ O(t + kz) [Landau, Vishkin'89]

Verify pos 1 by 1 ~» O(tk?)

Verify £ <t pos at once

s O(t/2- (2 + R)R) =

o(tk)

t:=|Tl,p:=|P|
~~ Didn't use filter...

lmmmﬁwmm'—sl

Irrasraasrhasrras]

00000000000000
\\ ' \\‘v
AR RO 1
v
1.1 1. 1 o0-—+1
' '
2 2 1 1
1
]
0-—+1 1 2
] v
101 12 2 2
]
2
] v
2 12 2 12 2

Compute furthest pos on d|ag d
reachable w/ 0, ..., k edits.
~~ Jump over equal substrings in O(1)
time
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State-of-the-Art Algorithms

0(n?), [sellersgo]

“slow” ®(n,k) = n?
A
N
D S
o
“fast”  O®(n,R)=n
N
Z 2
NS <
“few errors” » “many errors”

Existing algorithms for the case n =t = 2p

8-1

P. Charalampopoulos, T. Kociumaka, P. Wellnitz: Pattern Matching under Weighted Edit Distance



L2 2 2 2 2 2 X 2Rl Rodotetodos

State-of-the-Art Algorithms

0(n?), [sellersgo]

“slow” ®(n,k) = n? /
A

©(n, k) = n*/?

“fast”  O(n,R)=n
N

2

*

>

(8

“few errors” » “many errors”

Existing algorithms for the case n =t = 2p
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State-of-the-Art Algorithms

0(n?), [sellersgo]

“slow” ®(n,k) = n?
A

®(n, k) = n*?

©(n, k) = n*/?

“fast”  O(n,R)=n
N

2

*

“few errors” » “many errors”

Existing algorithms for the case n =t = 2p
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State-of-the-Art Algorithms

0(n?), [sellersgo]

“slow” ®(n,k) = n? J/
A

®(n, k) = n*?

©(n,k)=n’l
©(n, k) =

“fast”  O(n,R)=n

N
P
*

“few errors” » “many errors”

Existing algorithms for the case n =t = 2p
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An Example

How similar are two strings X and Y?

© P I N1CTIWV
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An Example

How similar are two strings X and Y?

0P INTION]J
~

?
~
l[e PI N1 CIV
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An Example

How similar are two strings X and Y?

0P INTION]J [P T CNIC

\, ,/
.\ /.
le P I N1CTIV|
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Edit Distance, Once More

ED(X, Y)

( Edit Distance >
Min number of character insertions, deletions, and substitutions that transform Xto Y

10-1
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Edit Distance, Once More

ED(X, Y)

( Edit Distance >
Min number of character insertions, deletions, and substitutions that transform Xto Y

O PINTIUON

t[] | [[#[t)\

© P I NT1TCTIV

ED(OPIN1ICIV,OPINION)=5
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Edit Distance, Once More

{
\

Edit Distance

ED(X, Y)

AN
/

Min number of character insertions, deletions, and substitutions that transform Xto Y

O PINTIUON

?|

LN

P I C

N

I

C

NN

© P I NT1TCTIV

7]

ED(OPIN1ICIV,OPINION)=5

© P INT1CTIV

ED(OPINICIV,PICNIC)=5
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Edit Distance, Once More

( Weighted Edit Distance > ED"(X, Y)

Min cost of transforming X to Y using character edits, where:

# inserting y costs w(g, y); ¢ deleting x costs w(x, €);
@ substituting x for y costs w(x, y).

w(0,0):=1 w(1,I):=1 w(C0):=1 w(x, %) =2 w(*€):=1 w(+*):=10

111
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Edit Distance, Once More

ED"(X, )

( Weighted Edit Distance >
Min cost of transforming X to Y using character edits, where:

# inserting y costs w(g, y); ¢ deleting x costs w(x, €);
@ substituting x for y costs w(x, y).

w(0,0):=1 w(1,I):=1 w(C0):=1 w(x, %) =2 w(*€):=1 w(+*):=10

O PINTIU ON

0] ‘@‘@ ©)

© P I NT1CTI V

EDY(OPIN1CIV,0PINION)=6
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Edit Distance, Once More
{

< Weighted Edit Distance ) ED"(X, Y)

/
Min cost of transforming X to Y using character edits, where:

# inserting y costs w(g, y); ¢ deleting x costs w(x, €);
@ substituting x for y costs w(x, y).

w(0,0):=1 w(1,I):=1 w(C0):=1 w(x, %) =2 w(*€):=1 w(+*):=10

O P I NTION P I ,Q N I C
b \@\@ 2 \\ \@)

L @ @ - O~-@
©O P I N1 C I V O P I N 1 C 1 V-]
ED""(OPIN1CIV,OPINION) =6 ED""(OPINlCIV, PICNIC) <14
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Edit Distance, Once More

ED"(X, )

( Weighted Edit Distance >
Min cost of transforming X to Y using character edits, where:

# inserting y costs w(g, y); ¢ deleting x costs w(x, €);
@ substituting x for y costs w(x, y).

w(0,0):=1 w(1,I):=1 w(C0):=1 w(x, %) =2 w(*€):=1 w(+*):=10

OPINTIGON PICNTISC
0 oo\ ALReene
o P INI1CZIV B P I N1 CIV
ED"(GPIN1CIV,0PINION)=6 ED"(OPIN1CIV,PICNIC)=8
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Edit Distance, Once More

( Weighted Edit Distance > ED"(X, Y)

Min cost of transforming X to Y using character edits, where:

# inserting y costs w(g, y); ¢ deleting x costs w(x, €);
@ substituting x for y costs w(x, y).

w(0,0):=1 w(1,I):=1 w(C0):=1 w(x, %) =2 w(*€):=1 w(+*):=10

OPINTIGON PICNTISC
[T To[os NN
o P I NI1ICTUV B P I N1 CIV
ED"(GPIN1CIV,0PINION)=6 ED"(OPIN1CIV,PICNIC)=8

Justified Assumption:  wis normalized, w(x,y)=1forallx zy.
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L2 X X X2 2 X X X 2 ZoRoRoReReRe
Edit Distance, Once More

Weighted Edit Distance )

\ ED"(X, )

Min cost of transforming X to Y using character edits, where:

# inserting y costs w(g, y);

¢ deleting x costs w(x, €);

@ substituting x for y costs w(x, y).

w(0,0) :=1 w(1,I):=1

w(C,0):=1 w(x, %) =2 w(*€):=1 w(+*):=10

O PINTIU ON

@

Eik:

@

P I CNTIC

BASRAN

© P I NT1CTI V

0 IN1CIV

EDY(OPIN1CIV,0PINION)=6

Justified Assumption:

ED"(OPIN1CIV,PICNIC)=38

wis normalized, w(x,y)=1forallxzy.

Otherwise: could scale weights and parameterizing the running time by k does not make sense.
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State-of-the-Art Algorithms (prior to this work)

<Weighted Approximate Pattern Matching)
Given: T, P, k, oracle to w; Find: (starting pos. of) substr. of T at weighted ED < kto P. >

0(n?) [Sellerss
“slow” @(n, k) = n? (nliselerssol

A

“fast”  O©(n,R)=n

N A

N NS

“few errors” » “many errors”

Existing algorithms for the case n =t = 2p
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State-of-the-Art Algorithms (prior to this work)

<Weighted Approximate Pattern Matching)
Given: T, P, k, oracle to w; Find: (starting pos. of) substr. of T at weighted ED < kto P. >

0(n?) [Sellerss
“slow” @(n, k) = n? (nliselerssol

A

®(n, k) = n°/*

“fast”  O©(n,R)=n
N - R R

N NS

“few errors” » “many errors”

Existing algorithms for the case n =t = 2p
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State-of-the-Art Algorithms (prior to this work)

(Weighted Approximate Pattern Matching>
< Given: T, P, k, oracle to w; Find: (starting pos. of) substr. of T at weighted ED < kto P. >

Some (unsatisfactory) upper bounds of the forms t- k%" and t - ,/p - R°) follow from the
state-of-the-art algorithm for weighted edit distance computation [Cassis, Kociumaka,
Wellnitz'23].
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State-of-the-Art Algorithms (prior to this work)

(Weighted Approximate Pattern Matching>
< Given: T, P, k, oracle to w; Find: (starting pos. of) substr. of T at weighted ED < kto P. >

Some (unsatisfactory) upper bounds of the forms t- k%" and t - ,/p - R°) follow from the
state-of-the-art algorithm for weighted edit distance computation [Cassis, Kociumaka,
Wellnitz'23].

How much harder is the weighted variant?
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State-of-the-Art Algorithms (prior to this work)

<Weighted Approximate Pattern Matching>
< Given: T, P, k, oracle to w; Find: (starting pos. of) substr. of T at weighted ED < kto P. >

Some (unsatisfactory) upper bounds of the forms t- k%" and t - ,/p - R°) follow from the
state-of-the-art algorithm for weighted edit distance computation [Cassis, Kociumaka,
Wellnitz'23].

How much harder is the weighted variant?

We nearly-match the best known upper bounds for the unweighted setting for a large
range of parameters.

12-5
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Main Challenge: Can't be Greedy

c o e ©ﬂ\} . S ]
a ©

o 0 @ )AQ ° °
b O]

[ e e } ﬂ\ °

N\

b ©

R S R T ) ﬂ\)
a Q)

In the unweighted setting, when we see a long match, we greedily take it. This is the
basis of the O(kt)-time algorithm we saw before.
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Main Challenge: Can't be Greedy

Iacabb

DG
Y4

In the unweighted setting, when we see a long match, we greedily take it. This is the
basis of the O(kt)-time algorithm we saw before.

What about in the weighted setting?
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Main Challenge: Can't be Greedy

I a c abb
el C®>Q© ﬂ' | N N

o o Q ° ° °
a ©ﬂ

° ° ° Q ° °
b @ﬂ

° ° ° ° Q °
b ©

R S R T ) ﬂ\)
a @

In the unweighted setting, when we see a long match, we greedily take it. This is the
basis of the O(kt)-time algorithm we saw before.

What about in the weighted setting?
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Main Challenge: Can't be Greedy

Ia c a b b
C®>Q©o P

¢
o 0ﬂ o 0o —+o
a Q©)
bo ° 08 °
b @ﬂ
[} ° ° .Q
Q@.
i. [} L] L] .ﬂ

In the unweighted setting, when we see a long match, we greedily take it. This is the
basis of the O(kt)-time algorithm we saw before.

What about in the weighted setting? A disaster.
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An O(kt)-time Algorithm for Weighted APM

Observation: ED*(X, Y) 2 ED(X, Y) (by norm.)

oy
oy
oy
oy
oy
o9
o9
o9
o9
o9
o9
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An O(kt)-time Algorithm for Weighted APM

Observation: ED*(X, Y) 2 ED(X, Y) (by norm.)
~~ Use unweighted O(kn)-time APM as Filter

o9
o9
o9
o9
o9

22227272
| T |
i Filter w/ unweighted APM

28 2%XX? R

I ] )

L)
&
L)
&
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An O(kt)-time Algorithm for Weighted APM

Observation: ED*(X, Y) 2 ED(X, Y) (by norm.)
~~ Use unweighted O(kn)-time APM as Filter

If ED(P,T[a..b]) < R, also get cheap alignment
P~ T[a..b]that matches exactly most of P

i 222222 22 22 2 2 L 2eledes

oy

—

T(0..4]

a

76..9]

©

T11..15]

P[0..4]

I

P[6..9]

N

P[11..15]
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An O(kt)-time Algorithm for Weighted APM

Observation: ED*(X, Y) 2 ED(X, Y) (by norm.)
~~ Use unweighted O(kn)-time APM as Filter

If ED(P,T[a..b]) < R, also get cheap alignment
P~ T[a..b]that matches exactly most of P

All such alignments are very similar to each other
But how to exploit this fact?

[ T

¢

100..4] a T6..8] a a c M12.13] a ms..m]]

AN 1

POl b P2.3] b P[5..9] d P12 b P[M..15]|
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An O(kt)-time Algorithm for Weighted APM

Observation: ED*(X, Y) 2 ED(X, Y) (by norm.)
~~ Use unweighted O(kn)-time APM as Filter

If ED(P,T[a..b]) < R, also get cheap alignment
P~ T[a..b]that matches exactly most of P

All such alignments are very similar to each other
But how to exploit this fact?
~~ Cast as shortest path prob in alignment graphs

Hw(P[p]as)

C—=>
w(e - T[t]

Tt]

| N{p]ﬂ[t])
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An O(kt)-time Algorithm for Weighted APM

Observation: ED*(X, Y) 2 ED(X, Y) (by norm.)
~~ Use unweighted O(kn)-time APM as Filter

If ED(P,T[a..b]) < R, also get cheap alignment
P~ T[a..b]that matches exactly most of P

All such alignments are very similar to each other
But how to exploit this fact?

~~ Cast as shortest path prob in alignment graphs
~» Copy matched parts from (trivial) align. P ~»> P

Hw(P[p]as) =

(m0-1) EDED T

[Tw w,] [Ps=61) [ﬂv w]? M7..11] ]

M Tt]

T m Ni’[p] - T[t])
w(e ~ Tt]) :
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An O(kt)-time Algorithm for Weighted APM

(0-1) EDEDEEET
0—0

Observation: ED*(X, Y) 2 ED(X, Y) (by norm.) — N
. . . oo
~ Use unweighted O(kn)-time APM as Filter &oo 1.
. Ol 000
If ED(P,T[a..b]) < R, also get cheap alignment SO LT
P~ T[a..b]that matches exactly most of P &b o§ do
P 000 Q0 00
All such alignments are very similar to each other 00 b 00
But how to exploit this fact? Q0 ?
~+ Cast as shortest path prob in alignment graphs °r 19
.. . 00 =PI
~» Copy matched parts from (trivial) align. P ~> P L] oo o oM
[o-11] (rs-s1) (w501 [ w711 )

Comp. bound-to-bound dist for each block [Klein'os];
then combine using fast (min, +)-product [SMAWK]

M Tt]
Hw(P[p]as) =

[ N{p]ﬂ[t])
wle > T[] :
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An O(kt)-time Algorithm for Weighted APM

(m0-1) EDED T
0—0

Observation: ED*(X, Y) 2 ED(X, Y) (by norm.) — N
. . . oo
~ Use unweighted O(kn)-time APM as Filter {\Z\\\\oo 1.
. Ol 000
If ED(P,T[a..b]) < R, also get cheap alignment SO LT
P~ T[a..b]that matches exactly most of P 56 o§ o
P 000 Q0 00
All such alignments are very similar to each other 60 b 00
But how to exploit this fact? Q0 ?
~+ Cast as shortest path prob in alignment graphs °r 19
.. . 00 =PI
~» Copy matched parts from (trivial) align. P ~> P L] oo o oM
[10-11] EE I ED T

Comp. bound-to-bound dist for each block [Klein'os];
then combine using fast (min, +)-product [SMAWK] T
~+ Verify < k pos in O(k?) after O(kp) prep. M

~ O(kt) total HW(P[p]%) Cc—>

[ N{p]ﬂ[t])
wle - T[] :
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Summary of our Results

<Weighted Approximate Pattern Matching>
Given: T, P, k, oracle to w; Find: (starting pos. of) substr. of T at weighted ED < kto P.

( Main Theorem >
Weighted APM is in time O(kt).
( Main Theorem >
Weighted APM is in time O(t + k* - t/p). >
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Summary of our Results

<Weighted Approximate Pattern Matching>

Given: T, P, k, oracle to w; Find: (starting pos. of) substr. of T at weighted ED < kto P.

<

( Main Theorem >
Weighted APM is in time O(kt).
( Main Theorem >
Weighted APM is in time O(t + k* - t/p). >

The latter result is general: compressed strings, dynamic strings, quantum algorithm, etc.
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(Weighted Approximate Pattern Matching)

222222 22 22 2 2 2 2 200
Summary of our Results

Given: T, P, k, oracle to w; Find: (starting pos. of) substr. of T at weighted ED < kto P.

{
\

Main Theorem >
Weighted APM is in time O(kt).

<

{
N\

Main Theorem > >

Weighted APM is in time O(t + k* - t/p).

The latter result is general: compressed strings, dynamic strings, quantum algorithm, etc.

We can do better when the weights are small integers, matching the state of the art for

the unweighted setting.
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Open Problems and Future Directions

¢ Close gaps between UBs and LBs; there is a combinatorial barrier in improving the
O(t + R* - t/p)-time algorithm

& Report substrings instead of starting positions; we can do O(k%t)

0(n?) [Sellersgo]

“slow” ®(n,k) = n?
A

o©(n,k)=n’/5
@En,kg ~n*l3
O(n, k) = n®*

“fast”  O(n,R)=n
4'\

(s

@

N

“few errors” » “many errors”
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Thank you!

Full version: https://arxiv.org/abs/2510.17752

17

P. Charalampopoulos, T. Kociumaka, P. Wellnitz: Pattern Matching under Weighted Edit Distance


https://arxiv.org/abs/2510.17752

